Introduction
It is well-known since Gauss that infinitely many quadratic fields have even class number. In fact, the discriminant D of a quadratic field K has r prime divisors, then the class number h K is divisible by 2 rÀ1 if D < 0 and by 2 rÀ2 if D > 0. See [4] , Theorem 3.8.8, for a more precise statement.
In 1922 Nagell [17] , Satz VI, obtained the following remarkable result: given a positive integer l, there exist infinitely many imaginary quadratic fields with class number divisible by l. See [2] for a di¤erent proof.
It took almost half a century to extend Nagell's result to real quadratic field, see Yamamoto [29] and Weinberger [28] . Uchida [27] extended this to cyclic cubic fields. In mid-eighties, Azuhata and Ichimura [3] and Nakano [18] , [19] obtained similar results for fields of arbitrary degree n.
Recently Murty [16] gave quantitative versions of the theorems of Nagell and Yamamoto-Weinberger on quadratic fields. He proved that for all su‰ciently large X there exist at least cðlÞX 1=2þ1=l imaginary quadratic fields and at least cðl; eÞX 1=4lÀe real quadratic fields with class number divisible by l and discriminant not exceeding X in absolute value. (The second exponent can be replaced by 1=2l À e if l is odd.) Various refinement and extensions of Murty's results were suggested in [5] , [15] , [25] , [30] .
Much less is known for fields of higher degree. In [13] , it is shown that at least cðlÞX 1=6l =log X pure cubic fields have discriminant not exceeding X and class number divisible by l.
In this paper, we extend these results to fields of degree n f 3. Theorem 1.1. Let n and l be positive integers, n f 3, and put m ¼ 1 2ðn À 1Þl
. There exist positive real numbers X 0 ¼ X 0 ðn; lÞ and c ¼ cðn; lÞ with the following property. For any X > X 0 there are at least cX m pairwise non-isomorphic number fields of degree n, discriminant not exceeding X , and the class number divisible by l.
Actually, we prove slightly more: for all those fields the class group has an element of exact order l.
The famous Cohen-Lenstra heuristics [7] , [8] predict that number fields of degree n > 1 with class number divisible by l should have positive density among all number fields of degree n. More precisely, denote by F n ðX Þ the set of all non-isomorphic number fields of degree n and discriminant not exceeding X and put F ðlÞ n ðX Þ ¼ fK A F n ðX Þ : l j hðKÞg. Then, as X ! y, the quotient jF ðlÞ n ðX Þj=jF n ðX Þj (conjecturally) tends to a positive rational number, which can be explicitly expressed in terms of certain finite Euler-type products.
This conjecture seems to be out of reach at the present state of our knowledge. Theorem 1.1 implies that number fields of degree n with class group divisible by l have positive logarithmic lower density among all number fields of degree n:
This is an immediate consequence of Theorem 1.1 and the inequality jF n ðX Þj e cðnÞX ðnþ2Þ=4 ð2Þ due to Schmidt [22] (see also [6] , Proposition 9.3.4). For large n inequality (1) can be refined due to the recent work of Ellenberg and Venkatesh [10] .
The argument of the present paper relies on the famous construction of AnkenyBrauer-Chowla fields [1] and is strongly inspired by the work of Sprindzhuk [26] , Section 8.6, and Halter-Koch et al. [12] . In Sections 2-4 we collect necessary facts about thin sets and Ankeny-Brauer-Chowla fields. The proof of Theorem 1.1 occupies Sections 5-7.
1.1. Notations and conventions. All fields in this paper are of characteristic 0. Let K be a field. We write K for its algebraic closure. By the Galois group of a separable polynomial f ðxÞ A K½x we mean the Galois group of the splitting field of f over K, realized as a subgroup of the symmetric group S n , where n ¼ deg f . In particular, f is irreducible over K if and only if its Galois group is transitive. Unless the contrary is stated explicitly (as it is done in Section 3), small letters t; x; y; z with or without indices denote indeterminates algebraically independent over the base field.
F ðtÞ A KðtÞ (where t ¼ ðt 1 ; . . . ; t n Þ) such that ðtÞ A 1 if and only if F ðtÞ ¼ 0. The set 1 is a basic thin set of the second type if there exists an K-irreducible polynomial F ðt; xÞ A Kðt; xÞ with deg x F f 2 such that ðtÞ A 1 if and only if the specialized polynomial F ðt; xÞ A K½x has a root in K. The set 1 is called thin if it is contained in a finite union of basic thin sets. It is obvious that the union of finitely many thin sets is thin, and that a subset of a thin set is thin.
Serre [23] , Section 9.1, gives a di¤erently looking, but equivalent definition of thin sets.
This following property must be known, but we could not find it in the literature. Proposition 2.1. Let L be a finitely generated extension of the field K, and 1 a thin subset of L n . Then 1 X K n is a thin subset of K n .
Proof. The case of finite extension L=K is considered in [23] , page 128, so we are left with the pure transcendent case. Thus, assume that L ¼ KðzÞ, where z ¼ ðz 1 ; . . . ; z s Þ, and let 1 H L n be a basic thin set of the first type, defined by the polynomial F ðtÞ A L½t.
We may assume that K nþs is not a thin subset of itself; otherwise K n is a thin subset of itself as well (cf. [23] , Section 9.4), and the statement becomes trivial. It follows that F , viewed as a rational function in t; z, is defined and does not vanish at certain ðt 0 ; zÞ A K nþs . Hence, the polynomial F z ðtÞ A K½t, obtained from F by specialization z ¼ z, is defined and non-zero. For any t A 1 X K n we have F z ðtÞ ¼ 0. Hence, 1 X K n is thin.
One argues similarly in the case when 1 H L n is a basic thin set of the second type, defined by the polynomial F ðt; xÞ A L½t; x. This time, we find z A K s such that the polynomial F z ðt; xÞ A K½t; x has no factors of x-degree 1. Let F z ¼ G 1 . . . G k be the irreducible decomposition of F z in K½t; x. Then every G i is of x-degree at least 2, and 1 X K n lies in the union of the corresponding basic thin sets of the second type. r Theorem 2.2. Let F ðt 1 ; . . . ; t n ; xÞ A K½t 1 ; . . . ; t n ; x be a polynomial of x-degree m, and let s e n. Let G e S m be the Galois group of F over the field Kðt 1 ; . . . ; t n Þ. Then for all ðt 1 ; . . . ; t s Þ A K s outside a thin set the polynomial F ðt 1 ; . . . ; t s ; t sþ1 ; . . . ; t n ; xÞ A K½t sþ1 ; . . . ; t n ; x is separable, of x-degree m, and its Galois group over Kðt sþ1 ; . . . ; t n Þ is G.
In particular, if F is irreducible over Kðt 1 ; . . . ; t n Þ, then for all ðt 1 ; . . . ; t s Þ A K s outside a thin set the polynomial F ðt 1 ; . . . ; t s ; t sþ1 ; . . . ; t n ; xÞ A K½t sþ1 ; . . . ; t n ; x is irreducible over Kðt sþ1 ; . . . ; t n Þ.
Proof. The case s ¼ n is treated in [23] , Section 9.2, Propositions 1 and 2. The general case reduces to s ¼ n by Proposition 2.1. r Hilbert's irreducibility theorem asserts that K n is not thin for a finitely generated field K. We shall use the following quantitative version for K ¼ Q, due to S. Cohen [9] . See also Serre [23] , Section 13.1, Theorem 1. Theorem 2.3. Let 1 be a thin subset of Q n . Then there exists a positive constant c ¼ cð1Þ such that for X > 1 we have j1 X Z n X ½ÀX ; X n j e cX nÀ1=2 log X :
(For n ¼ 1 the log-factor can be omitted.) r
A special thin set
In this (and only this) section we use capital letters X ; Y ; Z; . . . for independent variables, reserving small letters x; y; z; . . . for algebraic functions.
Proposition 3.1. Let KðxÞ be the field of rational functions over K. Let u; v A KðxÞ satisfy the following: v has a simple zero (or a simple pole) in K which is neither a zero nor a pole of u. Then for any positive integers k and l we have ½Kðx;
Proof. Obviously, ½Kðx; u 1=k ; v 1=l Þ : Kðx; u 1=k Þ e l, so it remains to prove that
Let a A K be a simple zero (or pole) of v, which is neither a zero nor a pole of u, and let Ord a be the corresponding place of the field KðxÞ. This place is unramified in the field Kðx; u 1=k Þ, but it is ramified in the field Kðx; u 1=k ; v 1=l Þ, with ramification index l. Hence ½Kðx; u 1=k ; v 1=l Þ : Kðx; u 1=k Þ f l, as wanted. r Proposition 3.2. Let K be a field. Consider the polynomial
where n; l are positive integers and a 1 ; . . . ; a nÀ1 , a; b A K Ã . Let n 1 ; . . . ; n nÀ1 ; n be integers, n 3 0. Let 1 be the subset of K defined as follows: t A K belongs to 1 if for some root x of the polynomial f ðt; X Þ A K½X , and for some determination of
we have ½Kðx; zÞ : KðxÞ < l.
Assume that the polynomial f ðT; X Þ is irreducible over K, and that the polynomial f ð0; X Þ A K½X has a simple root in K Ã . Then 1 is thin.
Proof. Let KðxÞ be the field of rational functions and let t; z A KðxÞ be defined by
Then f ðt; xÞ ¼ 0, and, since f is irreducible, we have ½Kðx; tÞ : KðtÞ ¼ n; ½Kðx; tÞ : KðxÞ ¼ l: ð3Þ Also, ½Kðx; zÞ : KðxÞ f l ð4Þ (consider the ramification at 0).
Further, by the assumption, f ð0; xÞ has a non-zero simple root. This root is distinct from any of the numbers 0; a 1 ; . . . ; a nÀ1 . Proposition 3.1 implies that ½Kðx; z; tÞ : Kðx; zÞ ¼ l:
Combining this with (3) and (4), we obtain m :¼ ½Kðx; z; tÞ : KðtÞ f nl. Now let y A Kðx; z; tÞ be such that Kðx; z; tÞ ¼ Kðt; yÞ, and let gðT; Y Þ A K½T; Y be the irreducible polynomial over K such that gðt; yÞ ¼ 0. Then deg y g ¼ m. Applying Theorem 2.2, we find a thin set 1 1 H K such that for any t A Kn1 1 , the polynomial gðt; Y Þ A K½Y is of degree m and irreducible over K.
On the other hand, there exists hðT; X ; ZÞ A KðTÞ½X ; Z such that y ¼ hðt; x; zÞ. Denote by dðTÞ the denominator of hðT; X ; ZÞ.
Fix t A 1, together with the corresponding x and z. Then ½Kðx; zÞ : K < nl e m. Assume that dðtÞ 3 0. Then hðt; x; zÞ is a root of gðt; Y Þ of degree < m over K. Hence, either deg gðt; Y Þ < m or gðt; Y Þ is reducible over K. In both cases t A 1 1 .
We have proved that 1 L 1 1 W fthe roots of dðTÞg. Hence, 1 is thin. r
The Ankeny-Brauer-Chowla fields
Let a 1 ; . . . ; a n , where n f 3, be pairwise distinct integers and
It is well-known that f ðxÞ is an irreducible polynomial [21] , Problem 8.121. The number fields, defined by such polynomials, are called Ankeny-Brauer-Chowla fields [1] (ABC-fields in the sequel).
Let x be a root of f . The main property of the ABC-fields is that, under mild assumptions about the numbers a 1 ; . . . ; a n , the field K ¼ QðxÞ is totally real, and the numbers x À a 1 ; . . . ; x À a nÀ1 form a full rank system of units of K.
Below we summarize the properties of the Ankeny-Brauer-Chowla polynomials and fields, to be used in this paper. In the sequel, a 1 ; . . . ; a nÀ1 are fixed pairwise distinct integers, a runs in the set of integers distinct from any of a 1 ; . . . ; a nÀ1 , and
Unless the contrary is stated explicitly, implicit constants in this section depend only on a 1 ; . . . ; a nÀ1 . In particular, su‰ciently large means exceeding a positive constant depending on a 1 ; . . . ; a nÀ1 . Proposition 4.1. Assume that jaj is su‰ciently large. Then we have the following:
In particular, the number field K a :¼ QðxÞ is totally real.
(b) The discriminant of the field K a is Oðjaj 2ðnÀ1Þ Þ.
(c) The numbers x À a 1 ; . . . ; x À a nÀ1 form a full rank system of independent units of the field K a .
(These numbers are called basic ABC-units. The multiplicative group, generated by the basic ABC-units, is called the group of ABC-units.) (d) Assume that the field K a is primitive1), and that the absolute value of its discriminant exceeds jaj k , where k is a positive number. Then the group of ABC-units is of index at most Oðk 1Àn Þ in the group of all units.
Proof. Parts (a) and (b) are obvious. To prove part (c), consider the real embeddings
Then (5) implies that logjs i ðx À a j Þj ¼ Àd ij logjaj þ Oð1Þ, where d ij is the Kronecker symbol. Hence,
In particular, R ABC 3 0 for su‰ciently large jaj, which proves part (c).
For part (d), recall (cf. [24] , [11] ) that the regulator R and the discriminant D of a primitive field K satisfy the inequality R g ðlogjDjÞ r , where r is the rank of the unit group of K and the implicit constant depends on the degree of K. For the totally real field K a we have r ¼ n À 1, which, together with the assumption jDj f jaj k , imply R g ðk logjajÞ nÀ1 . Hence, R ABC =R f k 1Àn , as wanted. r (It might be pointed out that for su‰ciently large jaj the implicit constant in part (d) depends only on n. For instance, using Theorem C of Friedman [11] , one can show that for su‰ciently large jaj the index of the ABC-units in the group of all units does not exceed Cn 2n k 1Àn , where C is an absolute constant. We shall not use this more precise estimate.)
Sprindzhuk [26] , Lemma 8.6.4, showed that, for n f 3, distinct ABC-fields are seldom isomorphic. Below, we reproduce his result in a slightly refined form.
Proposition 4.2 (Sprindzhuk).
Assume that n f 3. Let A be a su‰ciently large positive integer, and let S be a set of integers a satisfying A e jaj e 2A and such that for all a A S the fields K a are isomorphic to the same field K. Then jSj e nðn À 1Þðn À 2Þ.
Proof. Assume that jSj > nðn À 1Þðn À 2Þ. Since R has exactly n distinct subfields isomorphic to K, the set S has more than ðn À 1Þðn À 2Þ elements a such that all the fields K a are the same. Further, let s i : K a ! R be defined as in (7) 
which is a contradiction for su‰ciently large values of A. r
Construction of the main polynomial
Starting from section, we begin the proof of Theorem 1.1. Until the end of the paper, we fix positive integers n and l. Unless the contrary is stated explicitly, we shall always assume that n f 3.
In this section, we construct, for the given n and l, a special polynomial in two variables, which will be used in the subsequent sections to produce Ankeny-Brauer-Chowla fields having required properties.
Theorem 5.1. There exist pairwise distinct non-zero integers a 1 ; . . . ; a nÀ1 such that the polynomial
has a symmetric Galois group over the field QðtÞ, and the polynomial f ð0; xÞ is separable.
Our starting point is the following result of Halter-Koch et al. [12] , Proposition 3.1:
Proposition 5.2. Let K be a field, g A K Ã and t 1 ; . . . ; t n (algebraically independent) indeterminates over K. Then the Galois group of the polynomial ðx À t 1 Þ Á Á Á ðx À t n Þ À g over Kðt 1 ; . . . ; t n Þ is S n . r Proposition 5.3. Let F be a field and H a finite Galois extension of F with Galois group S n , where n f 4. Let a an element of F such that a l A F . Then Gal À HðaÞ=F ðaÞ Á is either S n or the alternating group A n .
Proof. Let z be a primitive l-th root of unity and put F 1 :¼ F ða; zÞ and H 1 :¼ Hða; zÞ. Since
it su‰ces to show that GalðH 1 =F 1 Þ f A n .
Since both H 1 and F 1 are Galois extensions of F , the group
is an invariant subgroup of S n ¼ GalðH=F Þ. And it cannot be trivial because GalðF 1 =F Þ is a meta-abelian group, while S n for n f 4 is not. It follows that GalðH 1 =F 1 Þ f A n , as wanted. r Proposition 5.4. Let K be a field, a; g A K Ã , b A K and n f 4. Then the Galois group of the polynomial
over Kðt 1 ; . . . ; t nÀ1 ; tÞ is S n .
Proof. Put
Proposition 5.2 implies that the Galois group of polynomial (9) over Kðt 1 ; . . . ; t n Þ is S n . Using Proposition 5.3, we conclude that the Galois group of (9) over Kðt 1 ; . . . ; t nÀ1 ; tÞ is S n or A n .
It remains to show that the x-discriminant of (9) is not a square in Kðt 1 ; . . . ; t nÀ1 ; tÞ. It su‰ces to verify that the x-discriminant DðtÞ of the polynomial
is not a square in KðtÞ.
whence DðtÞ ¼ n n gðt; 1Þ nÀ2 g t;
Thus, deg DðtÞ ¼ nl and D 0 ðtÞ ¼ daðtÞ nÀ2 t lÀ1 , where d A K Ã . Since DðtÞ does not vanish at the roots of aðtÞ, the only possible multiple root of DðtÞ is 0, and if it is, its multiplicity is l. Hence, DðtÞ is not a square of a polynomial, as wanted. r Proposition 5.5. Let K be a field, b A K and g A K Ã . Assume that2)
Then the polynomial
is separable over Kðt 1 ; . . . ; t nÀ1 Þ.
Proof. Again, it su‰ces to show that the polynomial gðxÞ ¼ ðx À 1Þ nÀ1 ðx À bÞ À g (obtained from (11) by specializing
Since gð1Þ ¼ Àg 3 0 and g ðn À 1Þb þ 1 n 3 0 by (10), the result follows. r
Proof of Theorem 5.1. One immediately verifies that
is an irreducible over QðtÞ polynomial in x, and its x-discriminant is not a square in QðtÞ. Hence, its Galois group over QðtÞ is S 3 . Since f 3 ð0; xÞ is separable, this proves the theorem for n ¼ 3.
Assume now that n f 4 and consider the polynomial
Propositions 5.4 and 5.5 imply that the Galois group of F over Qðt 1 ; . . . ; t nÀ1 ; tÞ is S n , and that F ðt 1 ; . . . ; t nÀ1 ; 0; xÞ is separable over Qðt 1 ; . . . ; t nÀ1 Þ.
By Theorem 2.2, there exists a thin set 1 L Q nÀ1 such that for any
the Galois group of the specialized polynomial F ðt 1 ; . . . ; t nÀ1 ; t; xÞ is S n , and the polynomial F ðt 1 ; . . . ; t nÀ1 ; 0; xÞ is separable. Finally, Theorem 2.3 implies that there exist pairwise distinct non-zero integers a 1 ; . . . ; a nÀ1 such that ða 1 ; . . . ; a nÀ1 Þ B 1. This completes the proof of the theorem. r
Suitable integers
Recall that we fix positive integers n and l with n f 3. In addition, starting from this point, we fix, once and for all, pairwise distinct non-zero integers a 1 ; . . . ; a nÀ1 (which exist by Theorem 5.1) such that the polynomial f ðt; xÞ, defined in (8) , has Galois group S n over QðtÞ, and the polynomial f ð0; xÞ is separable. Unless the contrary is stated explicitly, the constants in this section depend on n; l and our particular choice of a 1 ; . . . ; a nÀ1 . In particular, su‰ciently large means of absolute value exceeding a positive constant depending on n; l and the choice of a 1 ; . . . ; a nÀ1 .
One immediately verifies that f ð0; 0Þ ¼ 0. Since f ð0; xÞ is a separable polynomial, it has a simple root at 0. Hence, qf qx ð0; 0Þ 3 0, and a 1 Á Á Á a nÀ1 qf qx ð0; 0Þ is a non-zero integer.
Put
then aðtÞ A Z and f ðt; xÞ A Z½x. Moreover, for su‰ciently large t, this polynomial gives rise to the ABC-field K aðtÞ , as defined in Proposition 4.1.
If the polynomial f ðt; xÞ has symmetric Galois group over Q, then the field K aðtÞ is primitive. Hence, the following statement is a direct consequence of Proposition 4.1(d).
Proposition 6.1. There exists a positive integer N (depending on n; l and the choice of a 1 ; . . . ; a nÀ1 ) with the following property. If the polynomial f ðt; xÞ has symmetric Galois group over Q, and the discriminant of the field K aðtÞ exceeds jtj 2=ðnþ2Þ , then the index of the group of ABC-units in the group of all units does not exceed N. r Definition 6.2. An integer t is called suitable if it satisfies the following conditions: (a) We have (12) and gcd t; a 1 Á Á Á a nÀ1 qf qx ð0; 0Þ ¼ 1.
(b) The Galois group of the polynomial f ðt; xÞ (over Q) is symmetric.
(c) The discriminant of K aðtÞ exceeds jtj 2=ðnþ2Þ .
(d) Let x be the root of f ðt; xÞ ¼ ðx À a 1 Þ Á Á Á ðx À a nÀ1 Þ À x À aðtÞ Á À 1, as defined in Proposition 4.1(a). Then, for all integers n; n 1 ; . . . ; n nÀ1 , satisfying where N is defined in Proposition 6.1, and for every determination of
we have ½KðzÞ : K f l.
. There exists a positive constant c (depending on n; l and the choice of a 1 ; . . . ; a nÀ1 ) with the following property: for a large positive real number X there exist at least cX m suitable integers t which give rise to pairwise non-isomorphic fields K aðtÞ of discriminants not exceeding X .
Proof. By Proposition 4.1(b), there exists a constant c 1 with the following property: for any t A Z, satisfying jtj e c 1 X m , the discriminant of the field K aðtÞ does not exceed X .
e jtj e T ð14Þ and condition (a) of Definition 6.2.
Integers t not satisfying conditions (b) and (d) of Definition 6.2 form a thin set (see Theorem 2.2 and Proposition 3.2). By Theorem 2.3, the number of such t with jtj e T is Oð ffiffiffiffi T p log TÞ. Inequality (2) implies that at most Oð ffiffiffiffi T p Þ integers t with jtj e T do not satisfy condition (c). It follows that at least c 3 T suitable integers t satisfy (14) .
Finally, (14) implies that A e jaðtÞj e 2A, where
By Proposition 4.2, each K aðtÞ may occur at most nðn À 1Þðn À 2Þ times. Hence the theorem is proved with c ¼ c 3 = À nðn À 1Þðn À 2Þ Á . r
The ABC-field corresponding to a suitable integer
We are ready to complete the proof of Theorem 1.1. In view of Theorem 6.3, it remains to prove the following. Proposition 7.1. Let t be a suitable integer. Then the class group of the field K aðtÞ has an element of exact order l.
Proof. Since the suitable integer t is fixed, we may omit the index and write K ¼ K aðtÞ . Since f ð0; 0Þ ¼ 0, the polynomial f ð0; xÞ is divisible by x. Put gðxÞ ¼ a 1 Á Á Á a nÀ1 f ð0; xÞ=x. Then gðxÞ A Z½x and gð0Þ ¼ a 1 Á Á Á a nÀ1 qf qx ð0; 0Þ. In particular, gð0Þ 3 0 and
Rewrite the equality f ðt; xÞ ¼ 0 as
Since x À a 1 ; . . . ; x À a nÀ1 are units, this implies the following equality for principal ideals: ðxÞ À gðxÞ Á ¼ ðtÞ l . Relation (15) implies that x and gðxÞ are coprime. Hence, each of the principal ideals ðxÞ and À gðxÞ Á is an l-th power of an ideal of K.
Let a be the ideal of K such that a l ¼ ðxÞ. The order l of the class of a in the class group divides l, and we wish to prove that l ¼ l.
The ideal a l is principal. Fix a A K such that a l ¼ ðaÞ and let z be some determination of a 1=l . Then ½KðzÞ : K e l e l: ð16Þ
Let n be the index of ABC-units in the group of all Dirichlet units of the field K. Then any unit of K can be presented as (a suitable determination of ) ðx À a 1 Þ n 1 =n Á Á Á ðx À a nÀ1 Þ n nÀ1 =n , where n 1 ; . . . ; n nÀ1 A Z. In particular, since z l A K and ðz l Þ ¼ ðxÞ, we have
Multiplying z by a suitable ABC-unit, we may assume that the integers n 1 ; . . . ; n nÀ1 in (17) satisfy 0 e n 1 ; . . . ; n nÀ1 < nl. Also, since the Galois group of the polynomial f ðt; xÞ is symmetric, Proposition 6.1 implies that n e N.
Thus, z satisfies (17) , where the integers n; n 1 ; . . . ; n nÀ1 satisfy (13) . Hence, ½KðzÞ : K f l. Together with (16) , this implies l ¼ l, as wanted. This completes the proof of Proposition 7.1 and of Theorem 1.1. r
Final remarks
(a) Though we do not specifically consider the e¤ectivity aspect in this note, one may check that our argument e¤ectively bounds the constants X 0 and c from Theorem 1.1 in terms of l and n. Some of these points will be addressed in the forthcoming Ph.D. thesis of S. Hernández.
